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Generalized second law of black hole thermodynamics and quantum information theory
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We propose a quantum version of a gedanken experiment which supports the generalized second law of
black hole thermodynamics. A quantum measurement of particles in the region outside of the event horizon
decreases the entropy of the outside matter due to the entanglement of the inside and outside particle states.
This decrease is compensated, however, by the increase in the detector entropy. If the detector is conditionally
dropped into the black hole, depending on the experimental outcome, the decrease of the matter entropy is
more than compensated for by the increase of the black hole entropy via the increase of the black hole mass,
which is ultimately attributed to the work done by the measurement.
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I. INTRODUCTION IIl. ENTANGLEMENT ENTROPY AND ROLE
OF THE DETECTOR IN THE SECOND LAW

The striking parallelisni1—4] between black hole physics
and the laws of thermodynamics has attracted many physhSi
cists. However, it seems there remains some controvers%I

concerning the question of to what extent the parallelisn . of the entanglement of the states for the inside and out-
9 q : P §ide region of a black hole, and especially the important role
works for the second law. The generalized second law o

; of the detector in a measurement process.
black hole thermodynamics states that the sum of the Let the initial state be

Bekenstein-Hawking black hole entropy, which is a quarter
of the areaA of the event horizon, and the ordinary thermo-

Let us start by discussing the ordinary second law by
ng quantum information theof®]. This will elucidate the

i e

dynamical entropys™, i.e., |1//>=; /Cn|n>B|n>A|q)0>v (2)
A : . . .

StOt:Z +3S", (1) in a Schmidt decomposition form. Hej®) , is Alice’s state

and|n)g is Bob’s state, which are entangled. We have also
introduced a detector state, which is initially in the ground

never decreases. state|®,). Note that, without loss of generality, we can as-

One of the directions in the study of the generalized secsume that thec’s are ordered, i.e., thay=c,= ...=0,
ond law is based on a gedanken experiment suggested lnd that the detector state is eittidry) or |P,).
Bekenstein[2,5] and discussed by many people. A box of  Suppose further that we are completely ignorant about
massEP and entropyS® is lowered by a string from infinity Bob’s states so that we have to trace over them to obtain a
to a point near the horizon. The box is then thrown into thedensity matrix for Alice’s and the detector states, i.e.,
black hole. Apparently, the entropy contained in the box is
gone for the outside region of the black hole. This decrease
of entropy for the outside region of the black hole is com- p:TrB|¢>< ‘/f‘ =E Cn
pensated for by the increase of the Bekenstein-Hawking en- "
tropy of the black hole caused by the work done by the
observer at the other end of the string located at infinity, asind the corresponding von Neumann entropy reads
Unruh and Wald[6,7] showed by taking into account the
buoyancy force of the thermal atmosphere of the quantum
fields surrounding the black hole. In the present work, we S=—Tr(plogp)=—2. cylogc,, (4)
pursue this direction of research by elucidating the role of 3
the entanglement between the states of the inside and the = |
outside regions of a black hole, and by applying a quantur§Vhich is also called the entanglement entropy.
information theoretical approadi8] to a similar gedanken _Now let us switch on the app_aratus. Ina typlcql situation,
experiment in the black hole spacetime. This is also moti—Af"Ce and the detec'torlstates will undergo the unitary evolu-
vated by the so called “holographic principle” approach tion Uny, (¢=0,1), i.e.;
[9-11], according to which the informatio®, contained
within any regionV is upper bounded by the arég of its
boundary G,<Ag/4). INote that the detector outside the horizon of a static black hole

We shall start with an elementary introduction of quantumcan only locally measure the “outgoing” modés),, since the
information entropy, and then go over to the generalized sectingoing” |n)s modes have support on a causally disconnected
ond law of black hole thermodynamics. region, see, e.g., Ref12].

n> D) (@ol(nln, 3
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=W%==,cU% %, and the majorization implies that
-3¢, logci=—-=.clogc, (from the concavity of the en-
tropy).

Then switch off the apparatus again. The measurement pro-

cess involves a separation of the wave packet into macro-

scopically distant ones corresponding to the “collapse of the [l. BEKENSTEIN'S GEDANKEN EXPERIMENT

wave function” (e.g., imagine an experiment in the manner REEXAMINED

of Stern and Gerlaghfor different values ofx. For eache,

the density matrix and the weighted mean entr@yare

|w>el¢'>=§ ﬁlm% Ugmal®,). (5

As it is by now well known, the radiation state of an
eternal black hole can be describéd a semiclassical ap-

given by proximation for the background geometrpy the Hartle-
c, Hawking state:
prU= 2 UnnUnn mhal® ) (@ ([,
n,m,m a
= ) =11 2 eqlmgln)a, (10
S/ZE Kasla;sfa:_Tr(pfalogp!a), (6) ) n

whereK,==, .c,|Uf,/? is the probability to get the state wherec,=exp—(Nw/Tgy)/Z, Tgy is the Hawking tempera-
|®,) by measurement, and ,K,=1. Moreover, we can ture of the black holeZ is the partition function|n)g is the
show from the concavity of the entropy tha§' n-particle state for the region inside the event horizon, and
<S(= K,p'%)=S(p). Therefore the average entropy de- [n), is that for the region outside the event horizon. Hereaf-
creases due to the measurement process. ter, to simplify the presentation, we will consider only a
We then do a local unitary transformatidif’ to Bob’s ~ particular mode of the particle states with angular frequency
state|n)g knowing the outcomer of the experiment via ®- The state|¢yy) is an entangled state of Alice’s and
classical communication, so that the resultant state is of thBob’s states(Alice and Bob can see onljn,) and [ng),

Schmidt form respectively, which is naturally prepared in general relativ-
ity.
1 Imagine we do a local operation by observing Alice’s
[y =D =W m)g|m)a| D). (7)  states. Tracing over Bob’s states, we see that the entangle-
m VKq ment entropy decreases as we have shown in Sec. Il. Of

Here the unitary matrix T® is arranged so that course, this does not necessarily imply the violation of the
o o : second law, since by taking into account the detector entropy
2.” \/-c—nTmUnm:Wm&,,m holds. For eachw the density mg- the total entropy will still increase as we have seen before.
trix is p"*=[ 2| Wis|?[m) a(m[s]/K,, and the corresponding  However, what happens if the detector carrying the en-
conditional entropy isS"“=log K,—[Zn/Wa10gWe* VK. tropy acquired by the measurement is dropped into the black

Then the total entropy sum of the detector entropy hole? It seems that the loss in radiation entropy caused by the
local operation has no way to be compensated by the detec-

o= — 2 K, logK,,, (8) tor entropy, which is now gone in_to the black hole. Thi:_; is a

a quantum analogue of the “classical” gedanken experiment

. o proposed by Bekensteii2,5] and discussed by Unruh and
and of the average entrop®/== K, S'* (S'=S'), can be Wald[6,7].

easily shown to increase, Before discussing our “quantum” gedanken experiment,
o we reexamine Bekenstein’s “classical’ gedanken experi-
S+ 5i=5 (9) ment by exploiting a fundamental inequality of ordinary

thermodynamics between the work done on a system and the

Therefore, the apparent violation of the ordinary second lawchange of the total Helmoltz free energy. Suppose that the
due to the decrease in the average matter entropy is avoidédack hole has reached thermal equilibrium with the sur-
by properly taking into account the role of the detector en+ounding radiation, the whole system being enclosed in a
tropy. large cavity whose boundary is located far from the horizon

One might note that our modgds for the decrease of the so that its temperature equals the Hawking temperatgge
average entropy after measurement, H@5-(6)] is a par-  Then, the local temperature of the thermal radiation is given
ticular realization of the general framework of Re¢L3], by Tolman’s law as = T,/ x, wherey is the local redshift
where it is shown that by local operations which consist offgctor. In the gedanken experimentaaBekenstein, the box
unitary transformations of Alice’s and the detecto_r Statescontaining some enerdg® and entropy8® is initially located
and via a POVM process, one can have the following trangtside the cavityA in Fig. 1(a)], then slowly lowered down
sition: =,/Caln)sln)a— av/chln)eln)a, with cj=Co, ¢ by means of a string toward the black h¢R in Fig. 1(b)]
+ci=cotcy, ... CotCit+ - -=cCotCyt =1, i.e., and finally dropped into the black hole from some point near
where the{c'}’'s “majorize” the {c}'s. In our case,c/, the horizon[Fig. 1(c)].
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whereF; (F;) is the Helmholtz free energy of the fin@hi-

tial) stage observed from infini/The equality in Eq(13)
holds for a quasistatic process. Assuming that the lowering
process does not disturb the bulk of the thermal radiation and
neglecting the terms which cancel after the subtraction, each
term on the right-hand side of the inequality Efj3) can be
written as

Black Hole Black Hole

Fr=(E)—T2S)) Xy .

2 Fi=(EP—T2S") + (EL - T, Sl )X » (14)

where the quantitiek" andS" are the energy and entropy of
the displaced thermal radiation, the index * means that the
quantities are evaluated at the dropping point, graenotes
the redshift factor. Assuming that the content of the box is
completely shielded from the surrounding radiation by im-
penetrable walls, we can see that for the box the temperature
T2 x«=T2, and the energy and entropy remain constant,
ES=E°, S =¢".

Therefore, putting Eq911)—(14) together, we get

(a) (b)

Black Hole A Stot=

E. EP
r_ _ b _—
S TBHX*) (S TBHX*)’ (19

whereE’, , S| , andy, are functions of the distangeof the
box from the horizon. Equatiof5) corresponds to Eq$16)
and (A12) of Ref. [7], although we have not used model
() dependent arguments like that on the buoyancy force. The
o . . minimum of the functiorA S°(r) can be found by minimiz-
FIG. 1. The box is mmally_located outside _the cavity and then ing the change in the ADM massM, i.e., d[AS®(r)]/dr
Iowere_d down toward t_he region near the horizon. Finally, we cut:[(Eb_ E')/Tgu](dx, /dr)=0, where we have used the
the string and the box is thrown into the black hole. first law of thermodynamics for the surrounding radiation.
Using the terminology of Ref.7], one can see that the mini-
mum is realized when the box is dropped into the black hole
from the floating poimEb=Er(rfp) where the gravity and
AS““:A—M LAST (11) buoyancy force on the box balance. Therefore, it is sufficient
Ten ’ for the estimation of the lower bound d&r§"' to consider the
case when we cut the string at the floating poigtto let the
whereAM andAS™= —SP are the change in the black hole box freely fall into the black hole:
mass and that in matter entropy, respectively. Furthermore,
the energy conservation law implies that AS'=(S| —Sb)|r:,fp>0, (16)

In this process, the change in the total entropy is

AM=EP+AW, (12)  where the last inequality follows from the fact that the maxi-
mum entropy is achieved by the thermal distribution for
whereEP is the initial energy of the box antlW is the work  fixed values of volume and energy.
done by the agent at infinity in this process. Note that, since Therefore, by using only the physical properties of ordi-
AM is the change in the Arnowitt-Deser-MisnéADM)  nary matter, we can show that the total entropy Edl)
mass within the cavity, andW is the work done by the always increases in this gedanken experiment within the first
agent at infinity to the whole system of the black hole andorder approximation, i.e., when the changes in black hole
the thermal atmosphere. mass and matter entropy are assumed to be small compared
Noting that the value of the temperature at the boundaryvith the values of black hole mass and entropy themselves,
of the cavity is fixed during this process, we can evaluate th@nd we can neglect the back reaction effects.
work AW done to the system at infinity during this isother-
mal process by using the ordinary thermodynamicfld$

2Similar arguments can be easily generalized to the case of a
AW=F;—F,, (13 charged, rotatingquasistationanyblack hole background.
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However, the change in total entropy is

tot_AW m F”_Fl o r
AS —T—+AS =—+9-9, (18
BH BH

whereF,, (F)) is the free energy of the detector and radiation
after (before the local operation. These quantities are evalu-
ated in the regiorC in Fig. 2, and we obtain

Fi=[Ko(Eg—TS"0)+K(E]-TSH]x,

Fi=(E-T)y, (19

FIG. 2. We prepare the wave packet on the hypersufacend  \yherey is the redshift factor in the small regi@ E”, is the
then perform a quantum measurement which splits the wave packet

into macroscopically distant ones, according to the detector state%n_l(_e ray Ofbthf detector and radiation for a giwvenand Ty
|®y) and|®,) on the hypersurfac®’. On the final hypersurface ~— BH as before. . .
3" only one of the packet$®,), remains at the end of the string, We are now close to the conclusion, since
while the other|®,), is freely falling into the black hole.

AS'=0, (20

We would like to emphasize that the generalized second

law makes sense only when we consider the entropy of th . " .
outside region and can be shown through the ordinary secongdJe to the energy conservatidlgE, K, E; =E.
law of thermodynamics, assumed to hold locally in the out-

side region. V. SUMMARY
A guantum version of Bekenstein's “classical” gedanken
IV. THE GENERALIZED SECOND LAW AND QUANTUM experiment has been proposed. We performed a series of

INFORMATION local operations which consist of certain unitary transforma-
tions for the outside and the detector states and a local mea-
; : .9 , urement in the region outside the black hole. In general, this
which might seem to cause the violation of the generalized 5 ,ses a decrease of the entanglement entropy by Nielsen's
second law at first sight. Let us imagine a situation in whichineqality. However, as far as the detector remains outside,
we perform a quantum measurement that splits the wavg,e tota) entropy including the detector one always increases.
pacsket, initially prepared on the hypersurfakeas in Ed.  \yhen the detector is conditionally dropped into the black
(2),” according to the detector statgBo) and|®;) on the o6 depending on the experimental outcome, the decrease of
hypersurface’. On the final _hypersurfacE”, only one of  ha matter entropyA S"= — S, caused by dropping the box
the packetsie.g.,|®o)) remains at the end of the string, js more than compensated by the increase of the black hole

while the other _one(e.g., |®,)) is freely felling into the entropy,ASPH= AM/Tg,, which ultimately arises from the
black hole(see F(')g- 2 On the hypersurfack”, the reduced  \ork done by the measurement via the first law. Therefore,
density matrixp”” obtained by tracing over Bob's states is the generalized second law holds.

given by Eq.(6) with «=0. _ We here comment briefly on the work by Frolov and Page
By using Nielsen’s inequality, we have an apparent vio-[15], Although they proved the generalized second law for
lation of the second law eternal black holes by comparing the initial vacuum state
before the collapse of a star and the final entangled state,
their situation is quite different from our gedanken experi-
S"09=—Tra(p"%ogp"®)<S=—->, c,logc,, (17) ment(e.g., nothing equivalent to the detector is thrown into
n the black holg Finally, we would like to make the following
remark. For the change of the total entropy in the gedanken
L . , experiment of Sec. Ill, Unruh and Wald have derived the
which is caused by the local operation involving the mea-q5me expression as EfL5) by using the buoyancy force
surement. exerted on the box by the black hole atmosphere. So far,
several discussions about the practical effects of this force on
the energetics of the process have been nhdHen particu-
3The generalized second law can be shown to hold even if théar, Bekenstein recently argu¢di6] that the computation of
initial state of the detector oB is mixed. the Unruh-Wald buoyancy force using the stress-energy

Now consider the “quantum” gedanken experiment
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