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Generalized second law of black hole thermodynamics and quantum information theory
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~Received 17 August 2000; published 9 April 2001!

We propose a quantum version of a gedanken experiment which supports the generalized second law of
black hole thermodynamics. A quantum measurement of particles in the region outside of the event horizon
decreases the entropy of the outside matter due to the entanglement of the inside and outside particle states.
This decrease is compensated, however, by the increase in the detector entropy. If the detector is conditionally
dropped into the black hole, depending on the experimental outcome, the decrease of the matter entropy is
more than compensated for by the increase of the black hole entropy via the increase of the black hole mass,
which is ultimately attributed to the work done by the measurement.
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I. INTRODUCTION

The striking parallelism@1–4# between black hole physic
and the laws of thermodynamics has attracted many ph
cists. However, it seems there remains some controv
concerning the question of to what extent the paralleli
works for the second law. The generalized second law
black hole thermodynamics states that the sum of
Bekenstein-Hawking black hole entropy, which is a quar
of the areaA of the event horizon, and the ordinary therm
dynamical entropySm, i.e.,

Stot5
A

4
1Sm, ~1!

never decreases.
One of the directions in the study of the generalized s

ond law is based on a gedanken experiment suggeste
Bekenstein@2,5# and discussed by many people. A box
massEb and entropySb is lowered by a string from infinity
to a point near the horizon. The box is then thrown into
black hole. Apparently, the entropy contained in the box
gone for the outside region of the black hole. This decre
of entropy for the outside region of the black hole is co
pensated for by the increase of the Bekenstein-Hawking
tropy of the black hole caused by the work done by
observer at the other end of the string located at infinity,
Unruh and Wald@6,7# showed by taking into account th
buoyancy force of the thermal atmosphere of the quan
fields surrounding the black hole. In the present work,
pursue this direction of research by elucidating the role
the entanglement between the states of the inside and
outside regions of a black hole, and by applying a quant
information theoretical approach@8# to a similar gedanken
experiment in the black hole spacetime. This is also m
vated by the so called ‘‘holographic principle’’ approac
@9–11#, according to which the informationSV contained
within any regionV is upper bounded by the areaAB of its
boundary (SV<AB/4).

We shall start with an elementary introduction of quantu
information entropy, and then go over to the generalized s
ond law of black hole thermodynamics.
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II. ENTANGLEMENT ENTROPY AND ROLE
OF THE DETECTOR IN THE SECOND LAW

Let us start by discussing the ordinary second law
using quantum information theory@8#. This will elucidate the
role of the entanglement of the states for the inside and
side region of a black hole, and especially the important r
of the detector in a measurement process.

Let the initial state be

uc&5(
n

Acnun&Bun&AuF0&, ~2!

in a Schmidt decomposition form. Hereun&A is Alice’s state
and un&B is Bob’s state, which are entangled. We have a
introduced a detector state, which is initially in the grou
stateuF0&. Note that, without loss of generality, we can a
sume that thec8s are ordered, i.e., thatc0>c1> . . . >0,
and that the detector state is eitheruF0& or uF1&.

Suppose further that we are completely ignorant ab
Bob’s states so that we have to trace over them to obta
density matrix for Alice’s and the detector states, i.e.,

r5TrBuc&K cU5(
n

cnUnL
A

uF0&^F0u^nuA , ~3!

and the corresponding von Neumann entropy reads

S52Tr~r logr!52(
n

cnlogcn , ~4!

which is also called the entanglement entropy.
Now let us switch on the apparatus. In a typical situatio

Alice and the detector states will undergo the unitary evo
tion Unm

a (a50,1), i.e.,1

1Note that the detector outside the horizon of a static black h
can only locally measure the ‘‘outgoing’’ modesun&A , since the
‘‘ingoing’’ un&B modes have support on a causally disconnec
region, see, e.g., Ref.@12#.
©2001 The American Physical Society08-1
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uc&→uc8&5(
n

Acnun&B(
m,a

Unm
a um&AuFa&. ~5!

Then switch off the apparatus again. The measurement
cess involves a separation of the wave packet into ma
scopically distant ones corresponding to the ‘‘collapse of
wave function’’ ~e.g., imagine an experiment in the mann
of Stern and Gerlach! for different values ofa. For eacha,
the density matrix and the weighted mean entropyS̄8 are
given by

r8a5 (
n,m,m8

cn

Ka
Unm

a Unm8
* a um&AuFa&^Fau^m8uA ,

S̄85(
a

KaS8a;S8a52Tr~r8alogr8a!, ~6!

whereKa5(m,ncnuUnm
a u2 is the probability to get the stat

uFa& by measurement, and(aKa51. Moreover, we can
show from the concavity of the entropy thatS̄8
<S((aKar8a)5S(r). Therefore the average entropy d
creases due to the measurement process.

We then do a local unitary transformationTa to Bob’s
state un&B knowing the outcomea of the experiment via
classical communication, so that the resultant state is of
Schmidt form

uc9a&5(
m

1

AKa

Wm
a um&Bum&AuFa&. ~7!

Here the unitary matrix Ta is arranged so tha
(nAcnTnl

a Unm
a 5Wm

a d l ,m holds. For eacha the density ma-
trix is r9a5@(muWm

a u2um&A^muA#/Ka and the corresponding
conditional entropy isS9a5 logKa2@(muWm

au2loguWm
au2#/Ka .

Then the total entropy sum of the detector entropy

Sd52(
a

Ka logKa , ~8!

and of the average entropy,S̄9[(aKaS9a (S̄95S̄8), can be
easily shown to increase,

S̄91Sd>S. ~9!

Therefore, the apparent violation of the ordinary second
due to the decrease in the average matter entropy is avo
by properly taking into account the role of the detector e
tropy.

One might note that our model@as for the decrease of th
average entropy after measurement, Eqs.~2!–~6!# is a par-
ticular realization of the general framework of Ref.@13#,
where it is shown that by local operations which consist
unitary transformations of Alice’s and the detector stat
and via a POVM process, one can have the following tr
sition: (nAcnun&Bun&A→(nAcn8un&Bun&A , with c08>c0 , c08
1c18>c01c1 , . . . ,c081c181•••5c01c11•••51, i.e.,
where the$c8% ’s ‘‘majorize’’ the $c% ’s. In our case,cn8
10400
o-
o-
e
r

e

w
ed
-

f
,
-

5uWn
au2[(mcmuUmn

a u2, and the majorization implies that

2(ncn8 logcn8<2(ncnlogcn ~from the concavity of the en-
tropy!.

III. BEKENSTEIN’S GEDANKEN EXPERIMENT
REEXAMINED

As it is by now well known, the radiation state of a
eternal black hole can be described~in a semiclassical ap
proximation for the background geometry! by the Hartle-
Hawking state:

ucHH&5)
v

(
n

Acnun&Bun&A , ~10!

wherecn5exp2(nv/TBH)/Z, TBH is the Hawking tempera-
ture of the black hole,Z is the partition function,un&B is the
n-particle state for the region inside the event horizon, a
un&A is that for the region outside the event horizon. Here
ter, to simplify the presentation, we will consider only
particular mode of the particle states with angular freque
v. The stateucHH& is an entangled state of Alice’s an
Bob’s states~Alice and Bob can see onlyunA& and unB&,
respectively!, which is naturally prepared in general relati
ity.

Imagine we do a local operation by observing Alice
states. Tracing over Bob’s states, we see that the entan
ment entropy decreases as we have shown in Sec. II
course, this does not necessarily imply the violation of
second law, since by taking into account the detector entr
the total entropy will still increase as we have seen befo

However, what happens if the detector carrying the
tropy acquired by the measurement is dropped into the b
hole? It seems that the loss in radiation entropy caused by
local operation has no way to be compensated by the de
tor entropy, which is now gone into the black hole. This is
quantum analogue of the ‘‘classical’’ gedanken experim
proposed by Bekenstein@2,5# and discussed by Unruh an
Wald @6,7#.

Before discussing our ‘‘quantum’’ gedanken experime
we reexamine Bekenstein’s ‘‘classical’’ gedanken expe
ment by exploiting a fundamental inequality of ordina
thermodynamics between the work done on a system and
change of the total Helmoltz free energy. Suppose that
black hole has reached thermal equilibrium with the s
rounding radiation, the whole system being enclosed i
large cavity whose boundary is located far from the horiz
so that its temperature equals the Hawking temperatureTBH .
Then, the local temperature of the thermal radiation is giv
by Tolman’s law asT̃5TBH /x, wherex is the local redshift
factor. In the gedanken experiment a` la Bekenstein, the box
containing some energyEb and entropySb is initially located
outside the cavity@A in Fig. 1~a!#, then slowly lowered down
by means of a string toward the black hole@B in Fig. 1~b!#
and finally dropped into the black hole from some point ne
the horizon@Fig. 1~c!#.
8-2



le
or

nc

n

ar
th
r-

ing
and
ach

f
the

is
m-
ture
nt,

el
The

e
n.

i-
ole

ent

xi-
or

di-

first
ole
ared
es,

of a

en
cu
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In this process, the change in the total entropy is

DStot5
DM

TBH
1DSm, ~11!

whereDM andDSm52Sb are the change in the black ho
mass and that in matter entropy, respectively. Furtherm
the energy conservation law implies that

DM5Eb1DW, ~12!

whereEb is the initial energy of the box andDW is the work
done by the agent at infinity in this process. Note that, si
DM is the change in the Arnowitt-Deser-Misner~ADM !
mass within the cavity, andDW is the work done by the
agent at infinity to the whole system of the black hole a
the thermal atmosphere.

Noting that the value of the temperature at the bound
of the cavity is fixed during this process, we can evaluate
work DW done to the system at infinity during this isothe
mal process by using the ordinary thermodynamics as@14#

DW>F f2Fi , ~13!

FIG. 1. The box is initially located outside the cavity and th
lowered down toward the region near the horizon. Finally, we
the string and the box is thrown into the black hole.
10400
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whereF f (Fi) is the Helmholtz free energy of the final~ini-
tial! stage observed from infinity.2 The equality in Eq.~13!
holds for a quasistatic process. Assuming that the lower
process does not disturb the bulk of the thermal radiation
neglecting the terms which cancel after the subtraction, e
term on the right-hand side of the inequality Eq.~13! can be
written as

F f5~E
*
b 2T

*
b S

*
b !x* ,

Fi5~Eb2T`
b Sb!1~E

*
r 2T̃* S

*
r !x* , ~14!

where the quantitiesEr andSr are the energy and entropy o
the displaced thermal radiation, the index * means that
quantities are evaluated at the dropping point, andx denotes
the redshift factor. Assuming that the content of the box
completely shielded from the surrounding radiation by i
penetrable walls, we can see that for the box the tempera
T

*
b x* 5T`

b , and the energy and entropy remain consta
E

*
b 5Eb, S

*
b 5Sb.

Therefore, putting Eqs.~11!–~14! together, we get

DStot>S S
*
r 2

E
*
r

TBH
x* D 2S Sb2

Eb

TBH
x* D , ~15!

whereE
*
r , S

*
r , andx* are functions of the distancer of the

box from the horizon. Equation~15! corresponds to Eqs.~16!
and ~A12! of Ref. @7#, although we have not used mod
dependent arguments like that on the buoyancy force.
minimum of the functionDStot(r ) can be found by minimiz-
ing the change in the ADM massDM , i.e., d@DStot(r )#/dr
5@(Eb2E

*
r )/TBH#(dx* /dr)50, where we have used th

first law of thermodynamics for the surrounding radiatio
Using the terminology of Ref.@7#, one can see that the min
mum is realized when the box is dropped into the black h
from the floating pointEb5Er(r f p) where the gravity and
buoyancy force on the box balance. Therefore, it is suffici
for the estimation of the lower bound onDStot to consider the
case when we cut the string at the floating pointr fp to let the
box freely fall into the black hole:

DStot>~S
*
r 2Sb!ur 5r f p

>0, ~16!

where the last inequality follows from the fact that the ma
mum entropy is achieved by the thermal distribution f
fixed values of volume and energy.

Therefore, by using only the physical properties of or
nary matter, we can show that the total entropy Eq.~11!
always increases in this gedanken experiment within the
order approximation, i.e., when the changes in black h
mass and matter entropy are assumed to be small comp
with the values of black hole mass and entropy themselv
and we can neglect the back reaction effects.

2Similar arguments can be easily generalized to the case
charged, rotating~quasistationary! black hole background.

t
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We would like to emphasize that the generalized sec
law makes sense only when we consider the entropy of
outside region and can be shown through the ordinary sec
law of thermodynamics, assumed to hold locally in the o
side region.

IV. THE GENERALIZED SECOND LAW AND QUANTUM
INFORMATION

Now consider the ‘‘quantum’’ gedanken experime
which might seem to cause the violation of the generali
second law at first sight. Let us imagine a situation in wh
we perform a quantum measurement that splits the w
packet, initially prepared on the hypersurfaceS as in Eq.
~2!,3 according to the detector statesuF0& and uF1& on the
hypersurfaceS8. On the final hypersurfaceS9, only one of
the packets~e.g., uF0&) remains at the end of the string
while the other one~e.g., uF1&) is freely falling into the
black hole~see Fig. 2!. On the hypersurfaceS9, the reduced
density matrixr90 obtained by tracing over Bob’s states
given by Eq.~6! with a50.

By using Nielsen’s inequality, we have an apparent v
lation of the second law

S90[2TrA~r90logr90!<S52(
n

cn logcn , ~17!

which is caused by the local operation involving the me
surement.

3The generalized second law can be shown to hold even if
initial state of the detector onS is mixed.

FIG. 2. We prepare the wave packet on the hypersurfaceS, and
then perform a quantum measurement which splits the wave pa
into macroscopically distant ones, according to the detector st
uF0& and uF1& on the hypersurfaceS8. On the final hypersurface
S9 only one of the packets,uF0&, remains at the end of the string
while the other,uF1&, is freely falling into the black hole.
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However, the change in total entropy is

DStot5
DW

TBH
1DSm>

F II2F I

TBH
1S̄92Sr , ~18!

whereF II (F I) is the free energy of the detector and radiati
after ~before! the local operation. These quantities are eva
ated in the regionC in Fig. 2, and we obtain

F II5@K0~E092T̃S90!1K1~E192T̃S91!#x,

F I5~E2T̃Sr !x, ~19!

wherex is the redshift factor in the small regionC, Ea9 is the

energy of the detector and radiation for a givena, and T̃x
5TBH as before.

We are now close to the conclusion, since

DStot>0, ~20!

due to the energy conservation,K0E091K1E195E.

V. SUMMARY

A quantum version of Bekenstein’s ‘‘classical’’ gedanke
experiment has been proposed. We performed a serie
local operations which consist of certain unitary transform
tions for the outside and the detector states and a local m
surement in the region outside the black hole. In general,
causes a decrease of the entanglement entropy by Niels
inequality. However, as far as the detector remains outs
the total entropy including the detector one always increa
When the detector is conditionally dropped into the bla
hole depending on the experimental outcome, the decrea
the matter entropy,DSm52Sb, caused by dropping the bo
is more than compensated by the increase of the black
entropy,DSBH5DM /TBH , which ultimately arises from the
work done by the measurement via the first law. Therefo
the generalized second law holds.

We here comment briefly on the work by Frolov and Pa
@15#. Although they proved the generalized second law
eternal black holes by comparing the initial vacuum st
before the collapse of a star and the final entangled st
their situation is quite different from our gedanken expe
ment ~e.g., nothing equivalent to the detector is thrown in
the black hole!. Finally, we would like to make the following
remark. For the change of the total entropy in the gedan
experiment of Sec. III, Unruh and Wald have derived t
same expression as Eq.~15! by using the buoyancy force
exerted on the box by the black hole atmosphere. So
several discussions about the practical effects of this force
the energetics of the process have been made@4#. In particu-
lar, Bekenstein recently argued@16# that the computation of
the Unruh-Wald buoyancy force using the stress-ene
e

et
es
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tensor is invalid for the case in which the size of the box
smaller than the typical wavelength of the accelerated ra
tion, and that his entropy boundSb/Eb<2pR (R being the
characteristical size of the box! is necessary in order for th
generalized second law to be valid. In our derivation,
have not used model dependent arguments like the on
the buoyancy force, and this is in the spirit that the gene
ized second law should be a fundamental law of nature.
th
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