1

10/23/97 mdintro 1

Introduction to Molecular

Dynamics

CS 471/Math 471

Brian T. Smith, UNM

Andrew C. Pineda, UNM

10/23/97 mdintro 2

Molecular Dynamics

¯ Simulation of the motion of molecules to gain an understanding of their interaction

˘ chemical reactions

˘ fluid flow

˘ phase transitions

˘ �..

¯ Reference: Ch. 15, IHPSC

10/23/97 mdintro 3

Physics of MD and MC

¯ Connection to classical statistical mechanics

˘ Average values (NVT ensemble averages) of an observable A (e.g. ) can be computed as where H is the Hamiltonian and

ò

ò

-

-

=

) , (

) , ( ) , (

N N

N N p r H N N

N N p r H N N e p d r d

p r A e p d r d

A

& &

& &

& &

& & & &

b

b

T k B

1 = b

V C E P , ,

10/23/97 mdintro 4

MC/MD Introduction Cont´d .

¯ When A is a function of position only, this reduces to:

¯ the term in the denominator is commonly called the configurational integral.

ò

ò

-

-

=

) (

) ( ) (

N

N r U N

N r U N e r d

r A e r d

A

&

&

�

) (

) 2 (

) 2(

) (

3 4 4

4 2 3 3

3 1 2 2

2 1 1 q q k q m

q q q k q m

q q q k q m

q q k q m

- - =

- - - =

- - - =

- - =

�

�

�

�

10/23/97 mdintro 20

Numerical Solutions

˘ The Hooke´s Law (HL) ODE is 2nd order.

˘ It can be changed to 2 first order ODEs by introducing a variable for the velocity

˘ The solution technique based on Euler´s method

f u m

u x

f x m

=

=

=

�

�

�

)) ( ( ) ( ) (

) ( ) ( ) (

t x f m h t u h t u t hu t x h t x

+ » +

+ » +

10/23/97 mdintro 21

Computer Program

˘ Recall that Euler´s method is

X(0) = Init _ loc ; U(0) = Init _ vel

do T = 0, NSTEP

X(T+1) = X(T) + H*U(T)

U(T+1) = U(T) + (H/M)*F(X(T))

enddo

˘ This code saves all data at all time steps

˘ F() is a function that evaluates the forces

˘ Can be readily generalized to multiple particles

and multiple dimensions

) ( 2 h O

10/23/97 mdintro 22

Verlet´s Method

¯ Verlet´s method is . It treats the

equation of motion as a 2nd order ODE and

approximates the 2nd derivative with finite

difference

) ( 4 h O

)) ( ( ) ( ) ( 2 ) (

) ( ) ( 2 ) (

2

2

t x f h h t x t x h t x h h t x t x h t x x

+ - - » +

- + - + »

�

10/23/97 mdintro 23

Starting Verlet and The Summed

Form

˘ We need a value for x(h) of order in order

to start the method

˘ A summed form for this method reduces

rounding errors. It is developed by defining

dx (t) as (x(t+1)-x(t))/h and reformulating the

computation -- it avoids adding small values to

large values, reducing the loss of accuracy

) ( 3 h O

)) 0( ( 2 ) 0( ) 0( ) ( 2 x f h x h x h x + ¢ + »

10/23/97 mdintro 24

Comparison of Summed and

Unsummed Forms

¯ Unsummed form:

do T = 1, NSTEP

X(T+1) = 2*X(T) - X(T-1) + H ** 2*F(X(T))

enddo

¯ Summed form

do T = 1, NSTEP

DX(T) = DX(T-1) + H*F(X(T))

X(T+1) = X(T) + H*DX(T)

enddo

10/23/97 mdintro 25

Exact Solutions to HL Model

¯ 1-D case of a single molecule on a spring

¯ The solution can be shown to be:

where Q and are determined by initial

conditions and

0 0 ) 0 ( , ) 0 ( ), ( ) ( q q q q t kq t q m � � � = = - =

) cos( ) (

d w + = t Q t q d

m k = w

10/23/97 mdintro 26

Exact Solution--Multiple

Molecules

) (

) 2(

) 2(

) (

3 4 4

4 2 3 3

3 1 2 2

2 1 1

q q k q m q q q k q m q q q k q m q q k q m

- - =

- - - =

- - - =

- - =

�

�

�

10/23/97 mdintro 35

Config . Of 3 particles cont´d .

¯ We look for solutions of the form

¯ the determinant of the matrix must vanish for a non-trivial solution.

( ) t i i i e Q t q

l Re ) ( =

( )

( )

( ) ú ú ú

û ù

ê ê ê

ë é

=

ú ú ú

û ù

ê ê ê

ë é

ú ú ú

û ù

ê ê ê

ë é

-

-

-

0

0

0

0

2

0

3

2

1

2 2 2

2 2 2 2

2 2 2

Q

Q

Q

w l w w w l w w w l

10/23/97 mdintro 36

Config . Of 3 particles cont´d .

¯ Setting the determinant to zero gives:

with eigenvectors : } { 2 2 2 3, , 0 w w l = i

ï î ï í ì

ï þ ï ý ü

ú ú ú

û ù

ê ê ê

ë é

-

ú ú ú

û ù

ê ê ê

ë é

- ú ú ú

û ù

ê ê ê

ë é

=

1

2

1

,

1

0

1

,

1

1

1

i Q

10/23/97 mdintro 37

Config . Of 3 particles cont´d .

¯ This allows us to write the solution as

ú ú ú

û ù

ê ê ê

ë é

- + +

ú ú ú

û ù

ê ê ê

ë é

-

+ +

ú ú ú

û ù

ê ê ê

ë é

+ =

ú ú ú

û ù

ê ê ê

ë é

1

2

1

) 3 cos(

1

0

1

) cos(

1

1

1

) (

3

2

1 f w q w t D t C Bt A

q q q

Translational

mode, l =0

2 vibrational modes

10/23/97 mdintro 38

Monte Carlo Method Cont´d .

¯ Monte Carlo integration method uses

importance sampling to speed up

convergence.

¯ A 1-d example illustrates the ideas behind

the method. Consider evaluating

ò = b

a x dxf I )(

10/23/97 mdintro 39

Monte Carlo Method Cont´d .

¯ We can rewrite this as I=(b-a)<f(x)> where

<f(x)> is the average value of f(x) in the

interval.

¯ In brute force Monte Carlo, we can evaluate

<f(x)> as

is a uniform random number on [ a,b ].

j

N

j j x x f N x f å

=

=

1 where ) ( 1 ) (

10/23/97 mdintro 40

Monte Carlo Method Cont´d .

¯ The problem with the brute force approach

is that it converges very slowly. From the

central limit theorem we have in theory,

¯ So to get an extra digit of accuracy, the

number of function evaluations must go up

by 100.

) ( ) ( 2 1 - » < - NO I N I I MC ls

10/23/97 mdintro 41

Monte Carlo Method cont´d .

¯ The reason for the poor behavior is that the

uniform distribution puts a lot of points in

regions where f(x) is small.

¯ Solve problem by sampling w.r.t. another

probability distribution, w(x), and rewrite as

.1 ) ( and 0 ) ( where ) (

) ( ) ( ò ò = ³ = b

a b

a x dxw x w x w x f x dxw I

10/23/97 mdintro 42

Monte Carlo Method Cont´d .

¯ Can now change variable to

which defines the function x(u), so that

which has ò = x

a x dxw u )(

[ ]

[ ] ò = 1

0 ) (

) (

u x w u x f du I

ú û ù ê ë é - ÷ ø ö ç è æ = 2 2 2 1 w f w f

N I s

10/23/97 mdintro 43

Monte Carlo Method Cont´d

¯ What have we gained? If we pick w(x) so

that it is nearly proportional to f(x) we can

make s as small as we like.

¯ In the multi-dimensional case, we cannot do

the change of variable explicitly, so instead

we generate a sequence (chain) of random

configurations such that their weight is

proportional to the Boltzmann factor.

10/23/97 mdintro 44

Monte Carlo Method Cont´d

˘ We generate the chain by starting the system in

a state for which is not zero. We then

make random displacements of the particles in

the system and add them to the chain with

probability

˘ If the new configuration is rejected, we count

the old one in our average again.

) ( N r U e & b -

î í ì

<

> = - -

) ( ) ( 1

) ( ) ( )) ( ) ( (

o U n U if o U n U if e P o U n U b

10/23/97 mdintro 45

Monte Carlo Method Cont´d

¯ In practice, the configuration we start from

is not very likely, so we let the system

evolve for a while before we begin

computing our averages. (For example, in a

MC simulation of a liquid the starting

configuration is a crystal, so we have to

allow the crystal to melt before we start

averaging.)